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Abstract 

A systematic analysis of the symmetries of topological 3D gravity with torsion and a cos- 
mological term, in the first order formalism, has been performed in details - both in the 
hamiltonian and lagrangian formalisms. This illuminates the connection between the sym- 
metries of curved spacetime (diffeomorphisms plus local Lorentz transformations) with the 
Poincare gauge transformations. The Poincare gauge symmetries of the action are shown to 
be inequivalent to its gauge symmetries. Finally, the complete analysis is compared with the 
metric formulation where the diffcomorphism symmetry is shown to be equivalent to the gauge 
symmetry. 



1 Introduction 



Gravity theories in (2+1) dimensions offer an arena where one can address such subtle issues as 
the singularity problem or quantization, on a simpler setting [Ij. Interest in 3D gravity increased 
a lot after Witten's discovery of the equivalence of 3D gravity with a Chern-Simons gauge theory 
[2]. Inclusion of the Chern-Simons term in the Einstein-Hilbert action leads to a theory known as 
'topologically massive gravity' which has a massive propagating degree of freedom [31 HI [5]. These 
theories were studied in Riemannian space time. Later, a 3D gravity theory was formulated in the 
Riemann-Cartan spacetime, that is with non-zero torsion [61 [7] . The canonical structure of the 
'topological 3D gravity with torsion' with a cosmological term was investigated in [10] following 
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Dirac's constrained hamiltonian analysis. Recently a surge of activity in various 3D gravity models 
has been witnessed [SI 13 [13 [HI H21 [13 HH H51 El HZ]. In this connection it may be noted that 
there are many subtle aspects involved in the construction of the symmetry generators and their 
applications, in 3D gravity models, which are not completely addressed in the literature. We 
will highlight some of these issues in this paper through an analysis of the topological 3D gravity 
model with torsion and a cosmological term. 

Gravity theories in the Riemann-Cartan space are analysed in the framework of Poincare 
Gauge Theory (PGT). The edifice of PGT is constructed by localising the Poincare transfor- 
mations in Minkowski space. One starts with a matter theory invariant under global Poincare 
transformations. Naturally, this does not remain invariant when the parameters of the Poincare 
transformations are functions of spacetime. The PGT emerges from attempts to modify the mat- 
ter theory so that it becomes invariant under the local Poincare transformations. Compensating 
potentials are introduced in the process, the dynamics of which is provided by invariant den- 
sities constructed out of the field strengths obtained from the usual gauge theoretic procedure 
[12[ ITS] 119] . The theory has been ubiquitous in classical gravity [12] as well as in its extension 
to noncommutative spacetime \2Q\ [2T[ [22j 123] . The usefulness of the PGT stems from the fact 
that theories invariant under local Poincare transformations can be viewed as invariant theories in 
curved spacetime. The geometric interpretation of PGT, based on local Lorentz transformations 
(LLT) and general coordinate transformations or diffeomorphisms (diff), thus acquires a crucial 
significance and needs to be thoroughly understood. 

The hamiltonian analysis of 3D gravity with torsion in [10J, on the other hand, reveals that 
the transformations of the basic fields under the gauge generator constructed by Hamiltonian 
procedure differs from those obtained from PGT and agreement is only achieved by using the 
equations of motion [10] - However, the fact to be noted here is, that the gauge generator itself 
in [3 [TO] is constructed by an algorithm [23] based on the gauge symmetries that maps solutions 
to solutions of the equations of motion. Nonetheless, a question arises about the details of the 
symmetries of the theory under gauge and Poincare gauge transformations, a question that is also 
relevant to the geometric interpretation mentioned above. Moreover, there are strictly hamiltonian 
methods of obtaining the gauge generator without using the equations of motion |25l [26] which 
have been used recently [27] in the context of second order metric gravity to establish an off-shell 
equivalence between the gauge and diffeomorphism parameters. The issue of the discrepancy 
between the Poincare gauge transformations and gauge transformations should therefore not be 
brushed aside. In the present paper we will try to paint the problem in its true colours. 

The problem mentioned above has indeed two aspects. The first concerns the invariance issue 
which rests crucially on the geometric interpretation. The PGT is a gauge theory in the Minkowski 
spacetime whereas gravity is formulated in curved spacetime. The principle of equivalence enables 
us to erect locally Lorentzian coordinates in the tangent spaces. The most general spacetime 
transformations comprises the general coordinate transformation or diff plus the LLT. We will 
establish the Poincare gauge transformations from these invariances of the curved spacetime. A 
thorough one to one correspondence of the geometric structures with the Poincare gauge fields will 
be worked out. While the geometric interpretation of PGT is well known, such elaborate analysis 
of the equivalence is not available in the literature. Our analysis of the geometric interpretation 
of PGT naturally manifests the invariance of the theory under Poincare gauge transformations. 
We will perform an explicit check of this invariance in our paper. As a specific example, we 
will consider the topological 3D gravity model which includes the Chern-Simons (CS) term, the 
cosmological term and torsion along with the usual Einstein-like term [10] . 

The second aspect is related with the construction of the gauge generator. We will follow the 
method of [251 126] . Here gauge transformations are viewed as mappings of field configurations 
to field configurations. A strictly hamiltonian procedure is followed and a structured algorithm 
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is provided to obtain the independent gauge parameters. This algorithm has been applied to 
different reparametrization invariant models [2S\ l2Uj I3U1 13"T] including second order metric gravity 
[27J. The gauge transformations of the basic fields obtained from this method should naturally be 
invariances of the action. Notwithstanding this observation, we propose an explicit check of the 
invar iance. 

The 3D gravity model discussed in this paper (which is the Mielke-Baekler (6j [7] model along 
with an additional cosmological term) contains both first class and second class constraints. We 
provide a thorough canonical analysis of the model following Dirac's approach of constrained 
hamiltonian analysis. Our work supplements the canonical analysis of [10] in that we work out the 
reduced phase-space structure. This is done by eliminating the second class constraints through 
replacement of the Poisson brackets by Dirac brackets. The basic Dirac brackets between the 
fields and the conjugate momenta have been computed and used to construct the gauge generator 
following |25[ [26] . As already mentioned this is an off-shell procedure of finding the most general 
gauge transformations and should be contrasted with the method of [24J that uses the equations 
of motion. The transformation of the basic fields are obtained from their Dirac brackets with the 
generator. We also provide an explicit check of the off-shell invariances of the action under both 
gauge transformations and the Poincare gauge transformations. 

At this point one interesting aspect may be noted. This is the off-shell difference between 
the Poincare gauge symmetries and the Hamiltonian gauge invariances. We will show that this is 
indeed a peculiarity of the PGT. For example we will consider the Einstein action in the second 
order metric gravity formalism. The spacetime invariance of the theory is the diff transformations. 
In (3+1) dimensions these diff invariances have been shown to map off-shell to the hamiltonian 
gauge transformations [27]. We show that the same analysis is applicable to the corresponding 
(2+1) dimensional theory. When we treat the same theory in the PGT framework the discrepancy 
between the Poincare transformations and the gauge transformations comes to the fore. 

Apart from the hamiltonian analysis, we also discuss a lagrangian treatment of both PGT 
symmetries and the usual gauge symmetries. Corresponding to an independent off-shell invariance 
of the action there exists one lagrangian gauge identity. We construct the gauge identities following 
from the Poincare gauge invariances and the hamiltonian gauge invariances. If the gauge identities 
of the first set or any combination of them can be shown to be identical with the identities of the 
second set, the offshell equivalence of the two different symmetries can be established. Otherwise 
they are inequivalent. In our case we show that the Poincare gauge invariances and the hamiltonian 
gauge invariances are inequivalent by this procedure. Since the lagrangian gauge identities are 
formulated in terms of the Euler derivatives of the action, they become trivial when the equations 
of motion are invoked. In this sense the lagrangian formulation might not be appropriate for 
discussing the on-shell equivalence between the two types of symmetries. It is then natural to 
ask whether the equivalence of the spacetime symmetries of the Einstein gravity with its gauge 
invariances can be demonstrated from the lagrangian point of view. We answer the question in 
the affirmative by showing the equivalence of the corresponding gauge/diff identities. 

The organisation of the paper is as follows. In the next section we give a short review of PGT 
and introduce the three dimensional topological gravity model with torsion and a cosmological 
term |10[ [TT] . In Section 3 the Poincare gauge transformations of the basic fields are established 
from the geometric correspondence. The invariance of our 3D gravity model, introduced in the 
previous section, under the Poincare gauge transformations will be examined here. Section 4 
contains a thorough canonical analysis of our model including the reduced phase-space structure. 
Using the results of Section 4 the generator of the general gauge transformations is constructed and 
the transformations of the basic fields under the gauge transformation are provided in section 5. 
Note that we follow an off-shell method of construction of the gauge generator |25[ [26] which maps 
field configurations to equivalent field configurations. The off-shell invariance of the model under 
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the gauge transformations is thus expected. We provide an explicit verification of the same in this 
section. Also, after being sure about the invariances from different angles, we compare the Poincare 
gauge transformations and gauge transformations of the basic fields. This fulfills our motivation 
of viewing the difference between both types of transformations in the proper perspective, a fact 
noticed in the literature in recent times |121 \TU[ [TT] but not sufficiently highlighted. We will give 
some definitive arguments in section 6 to show that this is a peculiarity of the Poincare gauge 
theory framework. This is done by analysing the 3D Einstein action in the 2nd order formalism. 
Here spacetime invariances are the diffeomorphisms. We show that they are equivalent off-shell 
to the gauge transformations obtained by a hamiltonian procedure following the analysis in [27]. 
We then consider the same action in the PGT framework and see that the equivalence is lost. Our 
canonical analysis amply demonstrates that if the Poincare gauge transformations were equivalent 
to gauge transformations there would exist some off-shell mapping between them. To further 
elucidate the point we resort to a lagrangian framework. The distinctive features between the 
two sets of transformations is confirmed by constructing identities involving the Euler derivatives 
for both the symmetry transformations. These identities are inequivalent in the sense that no 
mapping exists between them. In the connection of the lagrangian analysis one wonders about 
the 2nd order approach. We explicitly show that in case of the 3D second order metric gravity the 
gauge identities corresponding to the gauge transformations can be mapped to the corresponding 
identities following from reparametrization, thereby reinforcing the off-shell equivalence between 
the two symmetries. Finally, we conclude in Section 7. 

Before concluding the introductory section, a summary of our conventions regarding the indices 
will be appropriate. Latin indices refer to the local Lorentz frame and the Greek indices refer to 
the coordinate frame. The first letters of both alphabets (a, b, c, ...) and (a, ft, 7, . . .) run over 
1,2 while the middle alphabet letters (i,j,k,...) and (fi,u, X, . . .) run over 0,1,2. The totally 
antisymmetric tensor densities e l i k and e^ vp are both normalized so that e 012 = 1. The signature 
of spacetime is rj = (+, — , — ). 

2 Topological 3D gravity with torsion 

The topological 3D gravity theory with torsion is formulated in (2+1) dimensional Riemann- 
Cartan spacetime in the framework of the Poincare Gauge Theory (PGT). The starting point of 
the PGT is a matter theory invariant under the global Poincare transformations in the Minkowski 
space: 

x^ x^ + e (1) 

where £^ = 9^ v x v + with both 6^ u and & being constants. At each spacetime point a local 
basis ej is considered which are related to the coordinate basis by 

&i = 6? e M . 

When we make the global Poincare symmetry (prj local, the transformation parameters # y and 
become functions of the spacetime coordinates. In this case one can take = Q^ v x v + and 
9 lJ as the independent parameters. To ensure the invariance of the matter action under the local 
Poincare transformations, compensating fields b 1 ^ and uj 13 ^ are required to be introduced |12| . 
The covariant derivative is constructed using these fields as 

where = <9 M + 2OJ /jj^ij will be called the 0-covariant derivative. The matrix is the Lorentz 
spin matrix and b^ is the inverse to b k ^. The covariant derivative of the matter field cj) is required 
to transform under local Poincare transformations just as the ordinary derivative dk4> transforms 
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under global Poincare transformations. The matter lagrangian density C = C(4>,dk^>) which was 
invariant under global Poincare transformations is converted to an invariant density C by replacing 
the ordinary derivative dk by the covariant derivative i.e. 

£ = £(0,V fc 0). 

An invariant action is constructed from this density as 

1 = f &£(</>, V fc 0) 

where b = detb 1 ^. This action is invariant under the following transformations of the basic fields 
b l p and or 5 ^: 

St* = ^-W-W M 

Suflp = 6\ui k \ l + e\^\-d^-d,e^ p -ed P ^^ (2) 

These transformations ([2]) comprise the Poincare gauge transformations. Their structure suggests 
a geometric interpretation. The basic fields b l p and uj ^ mimic the triad and the spin connection 
in curved spacetime. The most general invariance group in curved spacetime consists of the LLT 
plus diff. Observe in ([2]), that the Latin indices transform as under LLT with parameters Q 13 , and 
the Greek indices transform as under diff with parameters This suggests a correspondence 
between the Poincare gauge transformations with the geometric transformations of the curved 
spacetime. However, that this correspondence is an equivalence, is by no means obvious. In 
the next section, we will precisely establish this equivalence by obtaining the Poincare gauge 
transformations starting from the geometric (LLT + diff) invariances. Such an explicit map 
between the two sets of transformations is essential because the geometric interpretation of PGT 
is a crucial step. It enables us to cast gravity in the framework of PGT. 

With the geometric correspondence lurking behind, we come back to the construction of PGT. 
Corresponding to the basic fields b l „ and w y M the Lorentz field strength R lJ ^ and the translation 
field strength are obtained following the usual procedure in gauge theory. The commutator 
of two #-covariant derivatives gives R %3 pv 

whereas the commutator of two Vfc derivatives furnish the additional fields as 

1 
2 

These defining equations give the following expressions for the field-strengths 

R\ v = d^ v -d v J^ + u%u k i-u\ v u\. (3) 

So far the theory is in the Minkowski space and has been developed as a gauge theory. From the 
point of view of geometric interpretation, the Lorentz field strength R pu and the translation field 
strength T^, correspond to the Riemann tensor and the torsion. Using these basic structures, 
gravity can be formulated in the framework of PGT. In three dimensions, the following maps are 
used to simplify the analysis 

, ,i _i ,jk 

Ri^iv = ~~^£ijk R^ fj,v (^) 



[v fc) v,] <t> = - VV w^rt - w n- v ^ 
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Using this map in the expressions ([3]) for R lJ \ v and we can write 



- IV p 



d u bip + e ijk u} j u b k p - d p b iv - s iik u J b 
d u u ip - d p uj iu + e ijk uj j v uj k p . 



R. 



IV p 



(5) 
(6) 



These expressions are used to construct our action for the topological 3D gravity model with 
torsion and a cosmological term, without higher order derivatives [61 [TTJ 



d 3 x e pvp 



ab l pRivp 



A 



1 



^ijkb\V v b\ + a 3 ( u)\d v U) ip + -e iifc w W o ) + — b \ T i 



«4 



p, M %vp 



(7) 



Here a, A, 03 and 04 are arbitrary parameters. The first term proportional to a is the Einstein- 
Hilbert action written in three dimensions using the identity 



bR 



-F^Pb 1 R 



(8) 



where b = dettf^ and R = b^b^R 3 ^. The second term is the cosmological constant part, 
the third one is the Chern-Simons action while the fourth includes torsion. These terms can be 
manipulated with the help of the adjustable parameters a, A, 03 and 0:4. 

The variations of the action (|7|) w.r.t the triad b % and the spin connection are given by 



SI 
51 



T pvp 



T pvp 



aR ivp + a 4 T iup - Ae ijk b iu b kp 



OL^Rivp + aT ivp - Ae ijk b lu b kp 



(9) 



(10) 



These Euler derivatives will serve a twofold purpose. First, their vanishing yields the equations 
of motion in the usual way. Secondly, they will appear in the lagrangian gauge identities to be 
discussed in section 6. The equations of motion following from the action can be simplified in the 
sectoi0 

0304 — a 2 7^ 

as 



tf lin -qj* k b jlt b 



. (X3A + a^a 

where p = 5- and q 

a3«4 — a 2 



— ve 
pp ^ c 

i 

pp 

a 4 2 + aA 
0304 — a 2 



ljk b„,b 



'jp°kp 
'jpfikp 




0. 



(11) 



3 On the geometric interpretation of the Poincare gauge trans- 
formations 



In this section we will establish the Poincare gauge transformations from the invariances of the 
curved spacetime. In curved spacetime erect local basis bi(x^). The coordinate basis hp is derived 
from the tangents to the coordinate lines. The connection with the local basis is established by 
the triad and the parallel transport is defined in the local basis by the spin connection. Geometric 
structures such as the metric, affine connection etc. can be established in terms of the triad and 

x Later in section 4 we will find that this condition is essential in computing the Dirac brackets. 
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spin connection by certain very general requirements (invariance of the interval, vielbein postulate 
etc). The metric is defined as 

9»» = Vijb\V„ (12) 

The geometric invariances in the curved spacetime comprise the diffeomorphism (diff) and local 
Lorentz transformations (LLT). Under diff, the variation of g pv is given by 

= - d ^ P 9pv ~ d u £ p g pp - i p d p g pv (13) 
Using (|12p . the lhs of (|13p can be expressed in terms of the variation 5b l as 

Sgw = ^Vijb i ll b j u + THj 8b\ hP v + r^b^ 8hP v (14) 
where Srjij is the variation of rjij under LLT, given by 

Hj = ofmj + ofvik = o. (15) 

Equating ((T3D with JH} we get 

vij sb\ v v + m b\ 5V V + eS^\w v + e 3 \ k b\v u (ie) 

= -d v i^ l3 b\v p - d^^b\w v - ea p {b\w v ) 

Simplification yields 

ku [sb\ + d^b\ + eo P b\ + e k %] + b jp [sv v + d u ev P + i p d P v v + e k j b k u ] = o (17) 

The last equation leads to 

5b\ = e\b\-d^v p -^ p d p b\ (18) 

This is identical with the first set of ([2]). Note that the variation Srjij of the constant tensor 
rjij under LLT, given by (|15p . reproduces the expected vanishing result. Nevertheless it has to 
be included and split in ()17p in order to get agreement with the corresponding Poincare gauge 
transformation (|2|). Otherwise, the ^-contribution in f)18|) will be lacking. This observation further 
elucidates the connection between geometric transformations and those of PGT. 

In order to reproduce the second set of ([2]) , consider the transformation of the affine connection 
r^,. Using the vielbein postulate we can write 

Kx = K^v + u'ixKVv (19) 

It transforms under diff as 

Kx = -d^ p r p x - o x e r p p + d P e r p x - d u d x e - e d p r p x (20) 

On the other hand, from (I19p . we obtain 

Kx = K W» + K SxSb\ + 5J jX by v + J jX sbf v v + J jX bf 5V V (21) 

Equating (|20l) with (j2Tj) and using (fTKj) . one finds after a long algebra, 

= e\u k ^ + e j k ^\-d p e^-d P e^ P -ed P ^ p (22) 

which is equivalent to the second set of ([2]). We thus find that if we identify the triad b l and 
the spin connection of 1 x with the 'gauge potentials' b l and of 1 x of the PGT, then spacetime 
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symmetry transformations (namely, the LLT and diff ) generate the same transformations as the 
Poincare gauge transformations. 

The above correspondences show the connection of Poincare gauge symmetry with LLT plus 
diff invariances in curved spacetime. This connection may further be pursued at the level of the 
field strengths. From the point of view of PGT the transformations of the Lorentz field strength 
R %3 p U and the translation field strength T l pv can easily be obtained by direct substitution of 
in ©, 



5R 11 



P v 



r%» + o j k r i \ v - rv ov - d u e R ij uo - e d P R ij 



pv 



(23) 



and 



5T 



ni rpk 
k 1 p,v 



hp 



'p* pv 



(24) 



As noted earlier in the context of the transformations ([2]), the Latin indices transform as under 
LLT with parameters 9 13 and the Greek indices transform as under diff with parameters We 
get the expected transformations under LLT and diff. This agreement lends further support for 
viewing PGT as gravity theory on curved spacetime. 

Before we pass on to the invariance of the model it will be convenient to write ([2]) specific to 
3D. This is achieved by using the map (HJ) in ([2]). The resultant transformation relations are 



5b l 
6u) 



\b\-d.eb\-edpb 



p" p 

v + - u/ p - e d p u>\ (25) 



From the analysis of the geometric correspondence it is natural to expect the action (|7|) to be 
invariant under the Poincare gauge transformations (I25p . A straightforward calculation leads to 
the following variation 51 of the action: 



51 = 5I W + 5I (2) 



(26) 



where 
and 

51® = 



d 3 x d x 



oh ^R{ vp 



a 3 (uj\d u u; ip + -e ijk <J ^ v uj k p ) + ke m b\W ' Jf p (27) 



J 



d 3 x eT" 
A 



{d p C X h\R ivp + d P i x b\R iXp + d p £ x b\Ri vX - d x i x b\Ri„ p } 



e ijk {-3 d p C X h\V p b\ + d x C X b\V v b k p ] + a 3 Id^ 



1 

l (uj\d v uj ip + -£ijku\u j vU p 



1 



+ d v ^u l ^dxuip + dp^ui^dvUix - dxt x {u\d v uj ip + -e^ui 1 ^^) 
+ y {d P t X b\T lup + d u eb\T iXp + d p eb\T ivX - dxeb\T lup } 

The piece 51® is a total boundary term but 51® is not so. The latter actually vanishes. To 
see this in a compact manner we use the identity following from the transformation of the tensor 
density e^ vp . We have 



(28) 



Se^P = d x ee Xvp + dxt v eP Xv + d x £ p e 



v p\v 



ip c pv\ 



dxte 



\ c pv P 







(29) 
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since e^ up is a constant tensor density. Now the rhs of (j28[) simplifies as, 



61^ 



dPx5e pvp 



ab l „R 



A 



1 



£ijkb\V v b k p + q 3 { u\duj\ + -e ijk u>\^ v u\ \ + —b\Ti 



«4 . 



2 - fi^-wp 
(30) 

and hence, 51^ vanishes on account of (|29p . The invariance of the theory ([7]) under Poincare 
gauge transformations (125|) is thus explicitly verified. 



4 Canonical analysis of the model 

In considering the 2+1 dimensional model ([7]) with the Chern-Simons term along with the torsion, 
cosmological and usual Einstein-Hilbert terms, we actually get a mixed system with both first- 
class and second-class constraints. This calls for a more general analysis than what is done for 
pure gauge systems with only first-class constraints. Such mixed systems can be dealt by different 
approaches. 

• Using Poisson brackets: In this method, the entire algebra is computed using Poisson 
brackets. Second class constraints are taken care by introducing Lagrange multipliers which 
enforce these constraints. The multipliers can be fixed from the time conservation of the 
constraints. 

• Using Dirac brackets: The second-class constraints can be strongly eliminated by using 
Dirac brackets, and we can deal with an effectively pure system having only first-class 
constraints. All Poisson brackets will have to be replaced by corresponding Dirac brackets. 

Here in this paper, we adopt the method of using Dirac brackets due to two reasons. First, the 
analysis of this model through Dirac brackets is new and provides an interesting alternative to 
other studies |10] on this model. Secondly, the systematic method of computing a generator from 
a structured algorithm |25tl26|. which is adopted here, is technically simple for pure systems. Thus 
it is desirable, though not essential, to first convert our mixed system into a pure gauge system. 
The action ([7]) is written in terms of the triads b l ^(x) and spin connections ^^(x), which are 



the basic fields in this theory. The corresponding momenta ir^ix) and II^, defined as — — 
and ) respectively, are found to be, 



7T,- « 



<PC = ^i" - a A e 0a Pbii3 w U 

= IL° « 

^ a = IL° - e ^ (2ab ip + «3^) ~ 0. 

We now see that all the momenta lead to constraints. These are the primary constraints of the 
theory, defined by <f>®, tp^, and $^ a . The symbol ~ stands for weak equality in the sense of 
Dirac |32j implying that the constraints can be set equal to zero only after computing all relevant 
brackets. 

The canonical hamiltonian density Tic can now be written down through a Legendre trans- 
formation Tic = dob 1 + IL^ douj 1 ^ — C, 



(31) 



■He = b\Ui + w\Ki + d a D a 
Tii = -e 0a ? (a R iaP + a 4 T ia/3 - A e ljk V a b k ^ 

Ki = -e 0a(3 (a T ia0 + a 3 R ia p + a 4 e ijk V a b k 



(32) 



D a = e 0a P [u/ (2a b l p + a 3 + a 4 b\b 



i/3\ 
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From here, we can write down a total hamiltonian density T~Lt 

Ut = Wc + A^^ + A^V 

= 6' ^+^ /C J + A (3)i 7r l + A (4)i n i ° + 9 Q ^, (33) 

where A® and A^ 4 ) are undetermined multipliers and the quantity D a is defined as 

D* = D a + b i Q <j> i a + u\<l> i a . (34) 

On using the the time conservation conditions of the primary constraints, we find two secondary 
constraints, 

Hi ■= H - Vtff + e ijk b j p (p^ + q&P) « 

£ := /Ci - V^/ - sy A 6^ ^ 

The consistency of the secondary constraints leads to no new constraints, ending the iterative 
procedure here. So, we have the complete constraint structure of the theory. On examining the 
Poisson algebra of the constraints (see Appendix A\ , we see that this is a mixed system, with 



both first-class (whose algebra close with all constraints) and second-class (whose algebra does 
not close among themselves) constraints. 

In the table below, we give a complete classification of the constraints along with an explanation 
of the notation. First-class constraints will be denoted as £ whereas second-class constraints will 
be denoted as O. 

Table 1: Classification of Constraints 





First class S 




Second class Q 


Primary 


S (3)i = 4>i°, S (4)i = 


i 




Secondary 


S(i)t = H, S(2)j = 


JCi 





As explained at the beginning of this section, we will now implement the method of Dirac 
bracket^! and thus eliminate all second-class constraints from the theory. The Dirac bracket is 
defined in terms of Poisson brackets as, 

{f(x),g(x')}* := {f(x),g(x')} - £ I dydz {f(x),n (Y) (y)} A^ z) (y,z) {n {z) (z), g(x')} (36) 

(YZ) J 

The quantity A7 YZ \(y, z) is the inverse of the matrix A( Y z){y, z ), formed from the second class 
constraints £l(z)> with Y, Z = 1,2. The elements of the matrix A/y^(y, z) = {^i(Y)^(Z)} are 
given by 

[A {YZ) (x,x%^ = -2 mj ( a « ^ ) 5(x - x>), (37) 
and the matrix A7^ z Jy, z) can thus be written down as 

K>v^'f e „ = - 2{a3 l-a^ f ( ~: z ) s{x - (38) 

2 Dirac brackets are denoted by a star { , }* to distinguish them from Poisson brackets { , }. 
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Here the condition a^a^ — a 2 7^ ensures the invertibility of the matrix Ayz- This is the same 
condition as encountered before, (see footnote in page ED and we observe that it also comes up 
naturally in this canonical analysis. The Dirac brackets between pairs of basic fields and momenta 
can now be computed, and they all turn out to be non-zero. These brackets are listed below, 



{b\{xu»{x')y 



{&y*) jW /V)}* 
{6y*),n/(*')r 



K^n/V)}* 



{^{xU?{x')y 



{n/(x),n/V)r 



7T< " 3 2 , ^ ^ ^ 6 ( x ~ x ') 

2 («3«4 — a z ) ^ 

(0:30:4 — 2a 2 ) 



" 2(a 3 a 4 -a 2 ) 



5 l j S(x — x) 



a 



eoa^X rf* 5(x - x') 



2 (0304 — a 2 ) 

9 , 2 ^ W $ S(x - x') 

2 (0304 — a z J p J 



5^ a 5)5{x-x>) 
2 (0304 — a z ) p J 

0304 — 2a 2 ) 



(39) 



5" - 5 a 5' 
^ ^ 2 (0304 — a z 



<R o(x - x') 



a 4 a3 + 4a 3 — 204a 2 — 2040130 



«4« 2 



2 (0304 — a 2 
_0a, 



e° Q/3 <^ Vij S(x - x') 



2 (0304 — a 2 ) 
0304a 

2 (0304 — a 2 ) 



^£ S(x ~ s') 

£° Q ^^ TJy o(x - x') 



The Dirac brackets of the second class constraints among themselves and with all other quantities 
turn out to be zero, as expected. Hence these constraints can be strongly set equal to zero. 

We now give the complete Dirac algebra of the system by listing only the non-trivial ones. 
First, the involutive algebra of the first class constraints is given, 



(40) 



{ni{x),nj{x')}* = e ijk {pn k + qjc k ) s(x-x') 

{/Q(x),/C i (x , )r = -e l]k K k 5(x - x') 
{Hi{x)Xi{x')Y = -e ljk n k 5{x-x'). 

Next, the involutive algebra of the first class constraints with the canonical hamiltonian He 
f d 2 x' Hcix') is written, 



{H c ,Ui(x)Y 
{H c Xi(x)Y 
{H c ,Tr i °(x)Y=H i (x) 
{H c ,Il t (x)Y =Ki{x) 



£ijk U^oix) -ptP (x)\ U k {x) - qe ijk t? (x) /C fc (a 
£ijkb\{x) ti k (x) +e ijk Ld J (x) K, k {x) 



(41) 



Note that now we have a system with only first class constraints whose Dirac algebra has been 
given above. The second class constraints, as already stated, are strongly set equal to zero. In the 
next section, we will use these results to systematically find the gauge generator following [251 ISS] 
and show that it generates off-shell symmetries of the action (|7|). 
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5 Gauge symmetries of the action 



In this section, we systematically calculate the gauge symmetry generator G of the action ((7J)- 
We follow the method enunciated in |25} [26] to construct G. It is to be noted at the very 
onset that this method does not require any use of the equations of motion. Consequently the 
generated symmetries are off-shell. This may be compared to the approach [24J adopted in [10J, 
for discussions in this model, where the generator maps solutions to solutions of the equations 
of motion. Since equations of motion are involved, it becomes debatable whether the generator 
would be able to reproduce the genuine (off-shell) symmetries of the model. In this sense our 
approach is conceptually cleaner. We next outline this approach briefly. 

Having eliminated all the second class constraints through introduction of Dirac brackets, we 
are left with a theory with only first class constraints. The set of constraints £(/) is now classified 
as 

[S (7) ] = [S (A) ;E (Z) ] (42) 

where A = 3, 4 belong to the set of primary (first class) constraints, Z = 1, 2 to the set of secondary 
(first class) constraints and I = 1,2,3,4 refer to all (first class) constraints. The total hamiltonian 
is 

H T = H C + J d 2 x \ {A) Z {A) (43) 

where He is the canonical hamiltonian and A^' are Lagrange multipliers enforcing the primary 
constraints. The most general expression for the generator of gauge transformations is obtained 
according to the Dirac conjecture as 



G 



j d 2 x e (/) S (/) (44) 



where are the gauge parameters. However, not all of these are independent. This is most 
simply and elegantly seen by demanding the commutation of an arbitrary gauge variation with 
the total time derivative, i.e. i (8q) = 5 (^q) • Recalling that, 

5q = {q,G}* 

a little algebra, using ([43l and I44J) , yields the following conditions [251 [23] 

S \W( X ) = d€iA ^ X) - J d 2 x'eW(x') (V A j)(x,x') + jd 2 x"\( B \x") (C A IB ) (x, x', x") (46) 

= d€iZ ^ X) - J d 2 x' e^(x') (V z j) (X, a/) + J d 2 x" \W (x") (C Z IB ) (x,x',x") (47) 

Here the coefficients (V 1 jj (x,x') and (C 1 JK ) (x,x',x") are the structure functions of the invo- 
lutive (first-class) algebra, defined through 



{X (J)i (x),£ (J) ,.(*0}* = / d 2 x"(C K u ) (x",x,x') E (Jf) V) 

\ (48) 
{H c ^ {I)l {x)Y = / d 2 x' (V J j)Jx',x) S (J) fc (x'). 



The second conditiorJl (I47p makes it is possible to choose A independent gauge parameters from 
the set and express the generator G of (|44p entirely in terms of them. This shows that 

The significance of the other condition (|46|) is discussed in |Appcndix B| 
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the number of independent gauge parameters is equal to the number of independent, primary 
first-class constraints. 

Before proceeding further let us note the following point. The derivation of (|47p is based only 
on the relation between the velocities and the canonical momenta, namely, the first of Hamilton's 
equations |25|, 126] . Note that the full dynamics, implemented through the second of Hamilton's 

equations = {p,H}^j is not required to impose restrictions on the gauge parameters. Since 
this is the only input in our method of abstraction of the independent gauge parameters, we 
find that our analysis will be valid off-shell. The off-shell invariance will also be demonstrated 
explicitly. 

The structure constants defined in (|48p can now be obtained using the results of the various 
Dirac brackets ([SB IS] & HO- These are: 

pEijk 8(x — x")5(x" — x') 
q£ijk 8(x — x")5(x" — x 1 ) 
—Sijk 5(x — x")5(x" — x') 




<C l n 
[C 2 n 
(C 1 
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ip 22 
(C 2 22 



{C A 



1.) 



AB 



and, 





ik 
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ik 
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ik 
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x) 


y\: 


ik 
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y\: 


ik 
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x) 


y\: 


ik 
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x) 
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ik 
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x) 


n; 


ik 
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x) 


V A j] 


ik 


y 


x) 



, ; ,v X 

/ // 

I ,'!-» -V' -V' 

. . 7 ( X • • X 

ijk y ' ' 

/ II 
.-it X • 37 • 

I J fc v ' ' 

( II 

..it X • • 

fe v ' ' 

I II 

- - 7 \ tAJ . lAJ . lAJ 

ijk y ' ' 

(Fid ry* ry*' 







(49) 



) = — Ejjfe <5(a; — x")5(x" — x') 
) = 0. 
) = 0. 



-qsijk b\{x') 5{x - x') 
iijkb J (x')8(x - x') 



(50) 



Now the generator (I44p is expanded as 



G 



d 2 x 



5 (3)i (x) ^°(x) + e (4)i (x) H^x) + e (1) * (x) Hi(x) + e (2)i (x) /Q(x) 



(51) 



where the parameters e^ 1 are not all independent, but satisfy the equation (JUJ), so that, 

de^(x) 



dt 



Using the structure constants (V z j) fc v "' 
relations among the parameters e (z) 



d 2 x'e Wk (x')(V z I ) k \x',x) = (52) 
already determined in (j50[) . we get the following two 



e(i)i( x ) = e^ix) + e « fe (x) e fc y [p6 i0 (^ - u j0 (x)] - e® k (x) e k ij b j0 (x) 
eV)\ x ) = e^{x) + qe^ k (x) e fc iJ b j0 (x) - e^ k (x) e k ij UjQ {x). 



(53) 
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After using these equations ()53[) in the generator (|5ip to eliminate the gauge parameters and 
e^ 4 ) , we obtain our cherished structure in terms of the two independent gauge parameters e^ 1 ) and 



c(2) 



G 



d 2 x 



^(D*( X ) _ c (i)* (a; ) £fc « [pbj0 ( x ) - Wi0 ( x )] + e W*( x ) ^ 6 j0 (x)} vr,°(x) 



+ 



{e«'( a 



6 i o(x) + 6( 2 ) fc (x)e^ Wi0 (x)}n, (x) 



+ e 



On rearranging the generator and renaming the parameters as e*- 1 ) 
the generator in the form 

G= I d 2 x[G t {x) + G T {x)) 



(54) 

e and e*- 2 ** = r, we obtain 



Qr 



f l n, u + 



Hi - e ijk (J -p^tt* + gey* &* n*° 
/Q-s^ o 7r fc0 + a/ o n fe0 



(55) 



The generator thus written gives rise to gauge variations of fields in the theory. The transfor- 
mations of the basic fields b % „ and w\, are: 

5b\{x) := {b\(x),GY = d,e\x) + e i jk u^{x)e\x)-pe l jk V^x)e k (x) + e i ]k W^x)T k {x), 
Su\(x) :={u\(x),G}* = d^x) + s i jk u^(x)r k (x)- q s i jk b^^x)e k (x). 

We would now like to demonstrate the explicit off-shell invariance of the action ([7]) under the 
above gauge transformations of the fields ()56|) . The variation of the action, in general, reads: 



SI 



61 



Einstein 



+ 51 



+ 51 



Chern Simons 



+ 51 



Torsion 



(57) 



Cosmological 

Substituting our gauge transformations in the above, we observe that 51 vanishes without using 
any equations of motion. The cancellation of relevant terms is quite interesting and we would 
like to note certain features involved. An easy way of seeing the cancellation is to begin by 
focusing on families of similar structured terms. For example, terms containing one derivative, 
the parameter e, b and to (where the indices have been suppressed for simplicity) may occur as 
( e^ vp e l - k fr 7 ^ d v Uip e k ^ or ^ e' xvp e i ^ d^ei id v b k p J or in other such different types. However all 

of them may be cast as the same term on using the properties of the levi-civita symbols and/or 
using partial integrals. When all such families are identified, we see that there occur two different 
types of cancellation. First, many terms are identically zero or cancel algebraically, needing at 
most throwing of some total derivatives. Secondly, in some cases terms from different pieces of 
the action, with their different parameters, cancel by virtue of the relation between parameters 
a, A, a3&«4 and the definition of the quantities 'p' and L q\ We now demonstrate this for one 
particular family. The terms containing (cub b e) can be collected from the variations of different 
pieces of the action ([7]). These are written below in exactly the same order as they appear in ([5j 



61 



(cub be) terms 



-2aq j d 2 xs^e ljk e j lm b\u; k p b l u e m -2A j d 2 x e>""> co\b Ju b kp e h 



+ + a 4 pj d l x e^P 
2 (— A + aq + a 4 p) j d 2 xe 



e m iie mpq b\J v W p e q + s i jk e ilm V p b 



m, ,1 



+> „e 



(58) 
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where use of the definitions p = — %r and q = ^ has been made, to observe that 

0304 — a z 0304 — or 

the combination (—A + aq + a^p) = 0. A summary of the different terms and their cancellation 
factors are given below. Terms that are not explicitly mentioned here, reduce to zero algebraically. 



Table 2: Cancellation of families of terms 

Term Combination of parameters giving zero 
ub b e —A + aq + a^p 

ujoj b e 04 + qct3 + ap 

We are thus led to an intriguing situation. There are two sets of field transformations, one 
derived above in ([56]) . and the other from the Poincare gauge gravity ([25]) . both of these being true 
symmetries of the action. We have explicitly demonstrated this by showing that variations in the 
action (J7J), under any of the two transformations, vanish without requiring any use of the equations 
of motion. Consequently these are proper gauge symmetries, i.e. they are off-shell symmetries. 
One would therefore expect an off-shell mapping between the two sets of parameters (e, r) and 
(£, 6). Alas, this map does not exist. Indeed, the following map, which was also mentioned in 
the literature |10j . 

(59) 



connects the two transformations by the identification, 

S b\ = 6pgto\ - e (T w - pe«* b m b kp 



S oj\ = 8pcrru\ - ^ [R\ p -qe lJk b jp b kp ) . 



The terms within parentheses, which are exactly the terms destroying the mapping between 6q 
and SpcT, are the equations of motion (jlip . So the map (159|) holds only on-shell. In the next 
section we attempt towards a possible understanding of this point. 

6 Comments on the lack of off-shell mapping between the trans- 
formation parameters of PGT and the independent gauge pa- 
rameters 



It has been observed in the last section that the gauge transformations (J56J) of the basic fields 
of the theory ([7]) cannot be mapped on the transformations of the same under PGT, namely, 
(I25p without invoking the equations of motion, although both sets of transformations preserve 
the off-shell invariance of the same action. Stated otherwise, we don't have an off-shell mapping 
between the two sets of parameters characterising these transformations. This, notwithstanding 
the facts that the number of independent parameters of the two sets match exactly and both the 
sets provide off-shell invariance of ([7]) as we have explicitly demonstrated above. We show that 
this feature is a peculiarity of the PGT framework. 

Before considering PGT, let us first analyse metric gravity theory in the second order formal- 
ism, given by the action 

j3 



/ = / d A x (61) 
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where R is the Ricci scalar. Here g = detg^ u , g^ u being the metric tensor. The theory is invariant 
under diffeomorphism 

-> x^ + ^ (62) 

The canonical analysis of the gauge transformations of the theory following the method of [25^ [26] 
was performed in [27] . The analysis was done in (3+1) dimensions but it can be easily adapted 
to (2+1) dimensions which is relevant here. For the canonical analysis, spacetime is foliated in 
spacelike two-surfaces as per the Arnowit-Deser-Misner (ADM) decomposition. The lapse variable 
represents an arbitrary variation normal to the two-surface on which the state of the system 
is defined whereas the shift variables N a represent variations along the surface. They are defined 

= g^g 0a (63) 

N 1 = (- 9 00 y 1/2 (64) 

These variables are not really the dynamical variables of the theory. By adding suitable divergences 
to the action (|6ip we can write an equivalent lagrangian 



J d 2 xC = j d 2 xN ± (g) 1/2 (K afi K afi — K 2 + Rj (65) 

where K = K a a = g a/3 K a p and R is the Ricci scalar on the two surface. The second fundamental 
form K a p is defined as 

K <*P = (-9*{> + N «\P + N P\a) (66) 

The | indicates covariant derivative on the two-surface. The lagrangian (I65p is suitable for canon- 
ical analysis because it does not contain the time derivatives of the lapse and shift variables i.e. 
in the canonical analysis they appear as Lagrange multipliers. Their conjugate momenta ttq and 
ir a vanish weakly, providing the following primary constraints of the theory: 

n = vr « (67) 
Q a = 7T Q Rj (68) 

The basic fields are g a p with their conjugate momenta 7r a/3 . The canonical hamiltonian can 
be worked out as 

H c = J d 2 x (vr M A> + TT^g ap - C) 

d 2 x (n ± U± + N a U a ) (69) 



where, 

H ± = g^Ua^-^A-ig^R (70) 

H a = -2kJ\ p . (71) 
The total hamiltonian is given by, 

H T = H C + J d 2 x [X°n + X a Q a ] (72) 

4 Note that g a ^ is the inverse of the spatial metric g a p on the two surface. 



16 



where A , A" are multipliers enforcing the primary constraints The secondary constraints, 

found by time conserving the primary constraints, are 



n 3 = {TT ,H T } = H ± nO 
Q 3+a = {ir a , H T } = "H a ~ 0. 



(73) 
(74) 



No further constraints are generated by this iterative procedure. Note that all the constraints are 
first class. So, following Dirac's hypothesis [32], the gauge generator can be written as 

G = f d 2 x (e°^ + e a n a + e 3 Q 3 + e 3+a tt 3+a ) , (75) 

where e°, e a , e 3 and e 3+a are gauge parameters. Now using our master equation ([IT]) we get [27] 



e a (x) 



■3 + e 3+ag N ± _ N <*q 3 



(x) 



e 3+a + e 3+/3 d B N a - N p d B e 3+a - N L g Pa d B e 3 + e 3 g^ a d B N 



9^ Opi 



[x , 



(76) 
(77) 



which shows that only three gauge parameters (e 3 , e 3+Q ) are independent. Their number is equal 
to the number of primary first class constraints, in conformity with the discussion below (08]). 
Also, this number matches with the number of diffeomorphism parameters £^ (see [62]). 

The mapping between the gauge and diff parameters is now found by comparing the variations 
of N^, N a and g aB under both these symmetry operations. First, we consider the gauge variations 
which are found by Poisson bracketing with the generator, 



SN 1 (x) = {N^ix)^} 



e 3 + e 3+Q <9 a iV-L _ N a d a e 3 



(x) 



(78) 



5N a (x) = {N a {x),G} 

= e 3+a + e 3+f3 d g N a - N^d B e 3+a - N L g^ a d B e 3 + e 3 g 0a d g N ± ] (x) (79) 



Sg a B (x) = {g a /3 (x) , G} 

= -2e 3 K aB + e 3+ ''d l9aB + g ia d B e 3+ ~< + g yB d a e 3+ ^ 



(80) 



The variation under general coordinate transformations or diff can be worked out after a bit of 
calculation |27] , The desired variations are: 

5N ± (x) = (jt- N a dc^J £°.Y + fN a d a N ± + ( a d a N ± (81) 

5N a (x) = ( j t - N^dg^j (C + fN a ) + (V + £ A^) d B N a - (n^ 2 g a/3 d B f (82) 



$ga/3 (x) 



fj t - Cd^ g aB + N a d B e + N B d a e + g ia d B C + 9^d a C 



(83) 



Now comparing, for instance, ([79]) and ([82]) . we can establish the mapping between the independent 
gauge and diffeomorphism parameters as 



(84) 



N^ 



(85) 
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This mapping, when substituted in the gauge variations of the basic fields iV^ and g a p (equations 
(|78p and (|80p respectively) transforms them identically to their corresponding reparametrization 
variations i.e. equations (|8ip and (|83p . The equivalence of the gauge and diffeomorphism sym- 
metries is thus established. Note that this is an off-shell equivalence and the equations of motion 
are at no point invoked to establish it. 

We now focus our attention on (JZJ). By chosing a = 1 and A = 03 = 04 = (for which 
p = q = 0) , it reduces to 

1 = J d\e^n\R tvp . (86) 

This is equivalent to (I6ip as can be verified by using the identity ([8]) and the relation (1121) . An 
intriguing exercise will be to compare the gauge variations and the PGT variations for the theory 
fl86|) . Referring back to ([56]) and noting p = q = 0, the gauge variations read: 

Sb'^x) = d^{x) +e t jk ^ ll {x)e k {x) + e l ]k b> ^{x) T k (x) , 
5u\(x) = d^T i {x) + e i jk u;\{x)T k {x). 



Comparison with the PGT transformations (|25|) shows that there is still no off-shell correspondence 
between the two transformations. Clearly, the PGT framework is distinct from the conventional 
one as far as the treatment of symmetries is concerned. 

A similar manifestation of the same phenomenon occurs in the interpretation of 3-dimensional 
gravity (|86p as a Chern-Simons gauge theory [2]. The isometry group of M3 is the Poincare group 
P(l, 2). If we consider this as an ordinary gauge theory a general gauge transformation is written 
as [12] 

u = -e i P l -r i J i (88) 

where Pi and Jj are the generators of the gauge group and e' 1 and t 1 are the gauge parameters. 
Introduce the corresponding gauge potential 

A^ = b i fM P i + u\J i (89) 

The variation of under a gauge transformation parametrised by (|88p is given by 

SA (t = -d (t u-[A^u] (90) 

The field strength is defined in the usual way 

:= [V MI V,] = d„A v - d v A p + [Ap, A,} (91) 

Using the explicit form of A„ from (I89p we find 

F ia , = P i T i fa , + JiR\ v (92) 

where the expressions of T % pu and R % „ v coincide with ([3]) if we identify b' 1 and u l ^ with the 
corresponding PGT fields. The correspondence of the Poincare gauge theory with an ordinary 
Chern-Simons gauge theory is so far exact. 

At this point one naturally enquires about the gauge transformations of b 1 ^ and uj 1 ^. From 
(pi - 190"]) we get 

5b\{x) = d tl e l (x)+e l jk u\{x)e k {x)+e i jk b>^x)r k {x), 



which are the same transformations as (j87h . These are naturally invariances of (|86p . They, however 
do not map off-shell to the transformations ([2]). Note further that the latter transformations are 
also invariances of the same action (|86|) . So the Poincare gauge transformations are independent 
of the gauge transformations of the Poincare group. 
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6.1 A lagrangian analysis: 



In this subsection we will provide a lagrangian based analysis of symmetries. This will further 
elucidate the mismatch between Poincare gauge transformations and the standard gauge trans- 
formations. 

We begin with the familiar example of electromagnetism. The action is, 



S = f L{A^,d u A^) = J F 2 



(94) 



where F is the electromagnetic field tensor. The action is invariant under the gauge transformation 
— > An + d^A, where A is the gauge transformation parameter. By Taylor expansion 



S[A„ + a M A] = S[A^] + J d^A^- = - J 



Ad L 



ss 
Ja~,, 



(95) 



The invariance condition SLA^ + d^A] = S[A^] leads to the gauge identity 

SS 



SA h 



d^d v F^ = 0. 



Note that this holds off-shell. In fact if we invoke the equation of motion the gauge identity 
becomes a trivial = statement. Note further that such a gauge identity exists corresponding 
to each independent gauge parameter. 

Our course of action is now clear. We will write the identities corresponding to the Poincare 
gauge transformations (|25[) following from the invariance of ©• By Taylor expansion we get 

S [b\,oj\] = S [b\ + S PGT b\,u\ + S PGT u\] 



S 



S [b\, 



d 6 x 



SS 



5co l 



d 3 x ^- (e^&v* + d,eb\ + eo X b\ 



d 6 x 



SS A -A SS A A _ 

-e\ k y>„ + -^—E\ h u 3 „ - d n 



jk w fi 
SS 



+ / d 6 x 



6b^—» ' Sco ^ 



6S 



SS 

SufK 



£ A = o. (96) 



So the two independent identities turn out to be: 



SS ,■ , ,• SS ; a „ / SS 



SS 



SS 



Sb l 



SS 



>Sb l 



■ CO 



SS 

•&7~ 



(97) 



If these identities can be mapped to the identities following from the gauge transformations ([56 
one would say that the symmetries are equivalent. Otherwise they are inequivalent. 
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From the invariance of ([7]) under (|56p . we find, 



5 



S [b\, 



d 3 x 



(55 
5^ 



55 



5w l 



d 6 x 



+ / ai 



55 
5uA 



-d„ 



55 .• , _• 
+ -— e\^„ + 



55 
56 fe „ 



55 



55 4 












55 





55 



(98) 



which leads to the independent gauge identities: 



55 
55 



+ 



55 



P - U) j 

56\, jk » 6b 



SS 



55 



i 7 1 ^ 



5w* jfc M 56* " 



F 5b\, 3k 



(99) 



0. 



Comparing (199p with (j97j) it is easy to be convinced that they are inequivalent. Also note that all 
the identities become trivial as we invoke the equations of motion. 

In the last paragraph, we have shown the inequivalence between the Poincare gauge invariance 
and the gauge invariance by using the lagrangian identities. One is then naturally led to the 
question as to what happens to the 2nd order metric gravity, where the equivalence between the 
spacetime and gauge invariances was demonstrated canonically with an off-shell map (jMl and 
85]) . To further elucidate the question of symmetry it will, therefore, be useful to reconsider 
the symmetries of the 2nd order metric gravity from the point of view of such identities. For 
convenience we will start from (|65p which is equivalent to the Einstein action (|6ip as mentioned 
earlier. The basic fields are A r_L , N a and g a p. Their gauge variations are given by equations 
(|78D . (|79p and (|80p respectively. The identities following from the symmetry of (j65[) under these 
transformations are: 



d f 6S \ ,l a 



6N- 1 J 



+ d 7 g^ a N A 



55 
5iV° 



+ g^' a d 1 N J 



55 
5iV" 



IK, 



55 

5g a p 



0, (100) 



dt V 8N a 



5N C 



+ d a N± 58 



+ d a gj/3 



SN 1 - 
55 



55 

sWi 



55 



(101) 



Likewise, the identities corresponding to the diff invariances (I8ip . (I82p and (|83p can similarly be 
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worked out. The identity corresponding to ^° is 

dt J 7 V 5N 1 J 7 SN- 1 - dt \5N C 



+N a d 1 ( N^^-) + NW^N"^- + dJ -^-(N^g^ 
7 V SN a J 7 5N a p \5N aK ;y 



S S ( s s \ 
+t — g a p - 2d p N a - = 0, (102) 

og a j3 \ og a p J 

and those corresponding to are 

- 28 "( fc ^) =0 ' (1 ° 3) 

The identities (fT03l) are identical with (fTOTj) (i.e. M^ iff = W^ augc ) while ([T02]) are apparently 
different from (llOOp . However, a little algebra shows 



The set of gauge identities (llOOp and (llOip is thus equivalent to the set (|102p and (|103p following 
from reparametrization invariances. This is consistent with our canonical analysis of 2nd order 
metric gravity where we demonstrated the equivalence between the gauge and diff parameters by 
devising the one to one mapping ([Ml [85]) . 



7 Conclusion 

Recently the 3D gravity models in the framework of Poincare gauge theory (PGT) have come to 
forefront [8l El [TUl [HI E21 [TH [15l [16l [T7] in the literature. Among the various issues considered, a 
particularly significant one is the difference between the PGT transformations of the basic fields 
and the gauge variations of the same obtained in the canonical way. The two can only be mapped 
using the equations of motion. This fact was observed earlier |10} [TT] but its significance was 
missed, principally due to the fact that the canonical gauge generator was constructed following 
[24] which maps solutions to solutions of the equations of motion. We have shown here, in the 
context of the topological 3D gravity with torsion, that the general gauge transformations can be 
obtained in the canonical way in an off-shell manner. This is done by following a method available 
in the literature |25] 26J that views the gauge transformations as mapping field configurations to 
field configurations. This naturally lends a new perspective to this issue of symmetries. 

The PGT formalism is reviewed and the geometric interpretation is scrutinised by establish- 
ing the basic PGT transformations geometrically, using general coordinate (diff) transformations 
and local Lorentz transformations. The off-shell invariance of the model under PGT transforma- 
tions has been explicitly verified. Then a complete canonical analysis of the model is presented. 
This model presents an example of a mixed constrained system with both first and second class 
constraints. The reduced phase space is obtained by completely eliminating the second class con- 
straints using Dirac brackets. Use of Lagrange multipliers, as done in [10] lllj. is thereby avoided. 
The model then transpires to a standard gauge system having only first class constraints. The 
difference is that the symplectic structure is defined by the Dirac brackets instead of the usual 
Poisson brackets. The generator of gauge transformations that map field configurations to field 
configurations, is constructed by following the structured algorithm given in [25] 126] . We find the 
transformations of the basic fields by computing their Dirac brackets with the gauge generator 
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and check by direct calculation that these gauge transformations are again off-shell invariances of 
the action. The gauge transformations of the basic fields are then compared with the analogous 
transformations under PGT. There exists no off-shell map between them, though the two agree 
on-shell. 

To put our findings in a proper perspective, we carry out a similar analysis for 2+1 dimen- 
sional Einstein gravity in the usual metric formulation. In this case we prove an exact off-shell 
equivalence of the general coordinate (diff ) transformations with the gauge transformations found 
by a canonical (hamiltonian) approach. This clearly manifests the peculiarity of the PGT vis-a-vis 
a standard gauge theory. 

Finally, a lagrangian analysis of symmetries based on identities was performed. Whereas in 
the hamiltonian treatment one has to find a map between the parameters, in the lagrangian 
analysis there should be a map that connects the identities which involve the basic variables of 
the theory. In the framework of PGT, it was shown that the identities were different for the two 
types of symmetries. A mapping of the identities was not possible thereby reconfirming the results 
from the hamiltonian formalism. For the Einstein gravity, on the contrary, a mapping between 
the identities was explicitly derived. Our analysis shows that the hamiltonian and lagrangian 
formulations actually complement one another. For discussing off-shell equivalence, the lagrangian 
approach is more practical since it becomes obvious that a map between the identities cannot 
exist. In the hamiltonian formulation, it is nontrivial to really prove that a map does not exist 
between the transformation parameters. For discussing on-shell equivalence, on the contrary, the 
lagrangian method is not appropriate since the identities trivialise (0=0). Here the hamiltonian 
approach is clearly more viable. As a final remark, we mention that the methods developed here 
may be applied to other 3D gravity models [gll5llIg|HTlH3|H5|H5|H7|. 



Appendix A : The Poisson algebra of constraints 

The basic non-zero Poisson brackets of the theory (|7|) are given below. 

{&yx) )7 r/V)}= 5)5^5(x-x') 
K M (x),n/(x')}= 5)5^8{x-x') 



(A.l) 



Also, we give below a list of the Poisson brackets of the quantities H and /C, constructed out of 
the the basic fields in (132j) . with the primary constraints. 



{cf )i a (x),'H j (x')} = 2e 0al3 [a 4 %- df ] 8(x - x') - e ijk (a A u) k p - Kb k A 5{x - x') 
/^(a/)} = 2e 0a)3 [a Vij df8{x - x') - e ijk (auj% + a 4 ^) S(x - x') 

{^(xlHjix')} = 2e 0a)3 [artij df5(x - x') - e ijk (a^ + a 4 ^) S(x - x') 
/C^)} = 2e°°0 [asm, dfS(x - x') - e ijk (a 3 tJ k p + S(x - x') 



(A.2) 



We now calculate the non-trivial Poisson algebra of the constraints, by using the algebra among 
basic variables (jA.lj) , The algebra (|A.2h comes in handy at this step (as well as in the following 
calculations) . 



{^(x), = "2 «4 e 0Q/3 mj S{x - x 1 ) 



{<f>i a (x), $,V )} = "2 ae 0a ? Vij 8{x - x') 



(A.3) 
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Observe that the Poisson algebra (|A.3P between the primary constraints does not close, implying 
the existence of second-class constraints. 

The Poisson algebra between primary and secondary constraints are: 

= e ijk (p<j> ka + q$ ka ) 5(x - x') 

{^ a (x),/C,(x')} = -E ijk 4> ka 8{x-x') 
{^i a (x),nj(xf)} = -e ijk <j> ka 8(x-x') 
{^ a (x)Xj(x')} = -e ijk <f> ka 6(x-x'), 

while the algebra among the secondary constraints are: 



(A.4) 



{n t {x),n 3 {x')} = e ijk (pu k + q K k ) 5{x - x') 

{JCi(x),JCj(x')} = -e ijk K k 5{x - x 1 ) ( A - 5 ) 
{Hi(x),JCj(x')} = -e i j k 'H k S(x - x). 

We see that both sets (|A.4l |A.5|) close. 

Appendix B : On the significance of (1461) 

In this appendix, we would like to make a note on the information content of (|46p . which is 
referred to as the "first condition" hereafter. This equation gives the variation of the Lagrange 
multipliers corresponding to the primary (first-class) constraints in terms of the structure constants 
(V 1 j) (x, x') and (C 1 JK ) (x, x', x") defined in (j48j) . However, as we show below, this equation gives 
us no new restrictions on the parameters. This is because the equation itself can be obtained from 
the properties of the total hamiltonian and the second condition - the 'master equation' (|47p [25J. 
We now demonstrate this fact here, in the context of our theory. 

We begin by calculating the time variation of the field b l by taking its Dirac bracked with 
the total hamiltonian (|33p . to see that it gives the Lagrange multiplier corresponding to 7^°, 

b\ = {b\,J d 2 xU T y = \^\. (B.l) 

Using this, we find the variation of the multiplier A® in terms of the derivative of the field 
transformations , 

5A (3)i = 5b\ = ±M Q . (B.2) 

However, we have already calculated the transformation 5b l Q (|56p . Also, recall that only the 
'master equation' (|47p was required in deriving the generator, and so, (|56p is independent of the 
first condition. Now substituting these field transformations for b l (x) in the last equation (|B.2p . 
and using the definitions e = and r = introduced before in Section 5, we get: 



d rii d 
dt Sb ° = dtl 



flbe (1)< + J Jh ^ e (1)k ~ P J jk ^ (1)k + ■ (B.3) 

This can be related with the variation of A^ 3 ) by taking advantage of (|B.2|) . to finally obtain 



5A (3)i = i f 
dt 



" ^ (1)fc ^ (pb j0 - Uj0 ) + b j0 \ = ±<F». (B.4) 



5 Recall that we have adopted the approach of eliminating all second-class constraints by using Dirac brackets. 
Hence equations of motion are given by Dirac brackets. 
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Here, in the last step, we have used (|53p to express e^ 1 ** and in terms of e®. 
Let us now return to the first condition (|46|) ■ from which it follows, 



de^{x) 
Jt 

Jt 



d 2 x'e {I \x') 



{V 3 j) (x,x')+ / d 2 x"X^(x") {C' 3 IB ) (x,x',x") 



(B.5) 



thereby reproducing (|B.4p . The second term does not contribute since the structure constants 
(V 3 j), (C 3 IB ) vanish (|49l &: l50l) . This shows that, as claimed at the beginning of this appendix, 
the first condition gives us no new restrictions on the parameters. It is basically a consequence of 
(07]). 

In our calculations above, we have used the Lagrange multiplier A^ 3 ) corresponding to 7^°. 
However, by the same process, analogous results are obtained for the multiplier A^ 4 ) which corre- 
sponds to n^ . The starting point of the calculation for A*- 4 -* is now: 



d/ = K , / d 2 xU T Y = A (4)i 



o- 



Then, going through similar steps analogous to (|B.2l IB.3I & IB.4|) we get 



5X 



(4)i 



dt L 



d 

( 

dt 



(4)i 



(B.6) 



(B.7) 



which is the analogue of (IB.4|) found above. This is nothing but the first condition (146h corre- 
sponding to A^ 4 ) , 



de^jx) 

dt 
de^jx) 

Jt ' 



J d 2 x'eV\x') {V\) (x,x') + J d 2 x"X {B \x") (C 4 IB ) (x,x',x") 



(B.« 



which follows as a consequence of the vanishing of the structure constants (V^j) and (C 4 j^-) 
calculated in (|4"9"1 &: 1501) . 
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